The nonlinear coupling between the Alfvén-Rao (AR) and dust-Alfvén (DA) modes in a uniform magnetized dusty plasma is considered. For this purpose, multi-fluid equations (composed of the continuity and momentum equations), the laws of Faraday and Ampère and the quasi-neutrality condition are adopted to derive a set of equations, which show how the fields of the modes are nonlinearly coupled. The equations are then used to investigate decay and modulational instabilities in magnetized dusty plasmas. Stationary nonlinear solutions of the coupled AR and DA equations are presented. The relevance of the investigation to nonlinear phenomena (instabilities and localized structures) in interstellar molecular clouds is also discussed.
Introduction
The Alfvén wave [1] is classic in a uniform electron-ion magnetoplasma. However, the presence of a static charged dust component drastically affects the dispersion properties of the Alfvén wave [2] [3] [4] [5] [6] . For example, an electron-ion-dust plasma (with immobile charged dust particles) can support the propagation of the Alfvén-Rao (AR) [4] mode ω = (Ω 1/2 across the external magnetic field B 0ẑ , where ω is the wave frequency, k ⊥ is the component of the wavevector transverse to the unit vectorẑ, B 0 is the strength of the magnetic field, V AR = n i0 B 0 /n e0 (4πn i0 m i ) 1/2 is the Alfvén speed in a dusty plasma, Ω R = Z d n d0 ω ci /n e0 is the Rao cut-off frequency. Z d is the number of electrons residing on a dust grain, Z d n d0 + n e0 = n i0 , n j 0 is the number density of the particle species j (e for electrons, i for ions, and d for negatively charged dust grains), ω ci = eB 0 /m i c is the ion gyrofrequency, e is the magnitude of the electron charge, m i is the ion mass and c is the speed of light in vacuum. The modified Alfvén wave, which we here refer to as the AR mode, comes about because n i0 = n e0 in a dusty plasma. In fact, the AR mode cannot be obtained from any dispersion relations of multi-ion species plasmas [7] , because the difference of the ion charge to mass ratios are not sufficient to assume the heavier ions as an immobile fluid. In dusty plasmas, charged dust grains can be assumed immobile as well as mobile depending on the timescale of interest. For example, in a dusty magnetoplasma with mobile dust grains, we can have the dust-Alfvén (DA) mode [4] [5] [6] 8] , which involves the dust-particle dynamics and the motion of the electrons and ions in the presence of the ponderomotive force of the AR mode.
Nonlinear properties of the AR mode in a dusty plasma with immobile dust grains were considered by Kourakis and Shukla [9] . Specifically, they focused on the amplitude modulation of a propagating AR mode by quasi-stationary perturbations that are driven by the nonlinear forces involving the harmonic generation. The dust density perturbation and the Hall term are completely absent in their analysis. The dynamics of a dipole AR pump interacting with DA perturbations that are accompanied by dust density and compressional magnetic field perturbations in a dusty plasma without the Hall velocity were considered recently [10, 11] . The Hall velocity was incorporated in the linear theory of low-frequency (in comparison with the electron gyrofrequency) dispersive electromagnetic waves in a magnetized dusty plasma [12] . It should be further noted that the authors of [10, 11] have dealt with the amplitude modulation of the AR mode in the slowly varying approximation
We present a complete study of the nonlinear coupling between propagating AR modes and DA perturbations in a magnetized dusty plasma. In Sec. 2 we derive the governing equations by using the multi-fluid model and the laws of Faraday and Ampère. The resulting pair of equations is then Fourier decomposed to deduce a nonlinear dispersion relation in Sec. 3, where we present results for three-wave decay (an AR pump mode decaying into a daughter wave and a DA wave) and modulational interactions. We show that the long-term behavior of an amplitudemodulated AR mode is governed by a nonlinear Schrödinger equation and a DA wave equation that contains the driving force of the propagating AR modes. Thus, the work presented here complements [11] and has no connection with [9] , which assumed immobile dust grains in the study of the amplitude modulation of the AR mode within the framework of a reductive perturbation technique [9] in magnetized dusty plasmas. Our coupled nonlinear system of equations admits stationary solutions in the form of bright and dark envelope solitons, which are discussed in Sec. 4. Here, we also look at possible applications of our work and the formation of structures in interstellar dense molecular clouds. A brief summary is contained in Sec. 5.
The model
Let us consider a uniform magnetoplasma composed of electrons, ions and negatively charged dust grains. The dynamics of low-frequency (in comparison with the electron gyrofrequency) AR modes in a cold magnetoplasma is then governed by the inertialess electron equation of motion
which can be used in the ion momentum equation to obtain
where E and B are the electric and magnetic fields, respectively, and v e (v i ) is the electron (ion) fluid velocity. From Ampère's law we have
where n i (n e ) is the total ion (electron) number density. The displacement current in (3) has been neglected as we are focusing on waves whose phase speed is much smaller than the speed of light. Furthermore, on the timescale of the AR modes, the dust grains can be considered as immobile.
Inserting (3) into (2) we obtain
which reveals the rotation of the ions around the charged dust grains due to the presence of the first term in the right-hand side of (4). The origin of this term was identified by Rao [4] in connection with a study of magnetohydrodynamic waves in magnetized dusty plasmas with immobile charged dust grains. On the other hand, inserting (1) into Faraday's law and using (3) we have
Equations (4) and (5) are closed with the help of the electron and ion continuity equations. We now in (4) and (5) let
Here the superscripts h and l stand for the AR and DA modes, respectively, and the subscripts 0 and 1 represent the corresponding quantities associated with the unperturbed and perturbed states. Accordingly, we obtain to leading order
and ∂B
as well as the frozen-in-field relation [11] n h,l e1
which follows from the electron continuity equation together with (1) and Faraday's law. For one-dimensional propagation along the x-axis, (6) and (7) are easily combined to obtain the wave equation for the AR waves, namely,
where u is the x-component of v h i⊥ . In the absence of the nonlinear interaction, one can neglect the fourth term in the left-hand side of (9) and Fourier transform the resultant equation to obtain the AR frequency [4] 
1/2 . The AR mode propagates perpendicular to the magnetic field direction and has a cutoff [10, 11] at ω = Ω R in an electron-ion plasma with immobile charged dust grains. In the absence of the dust, we have Ω R = 0 and V AR = B 0 / √ 4πn i0 m i . It should, however, be noted that Smith and Brice [7] were the first to discuss the possibility of a multiple-ion cutoff frequency for electromagnetic waves in multi-component magnetized plasmas with different ion species.
Next, we present the relevant equation for the dust density perturbations involving the DA waves that are driven by the Reynolds stresses of the AR waves. The DA waves are controlled by the momentum equations for electrons and ions, as well as by the hydrodynamic equations for the dust grains. The governing equations are thus
and
with v dy = 0. The latter is satisfied if E l y = v dx B 0 /c, which together with Faraday's law, ensures that B l 1 ≈ B 0 n d1 /n d0 . In the above equations, the subscripts x and y represent the corresponding field quantities along the x-and y-axes. The x component of the electron fluid velocity in the AR fields is denoted by v (typically v ∼ n i0 u/n e0 from the conservation of the flux, and hence the electron advection (the left-hand side) in (10) is much smaller than the ion advection (the left-hand side) in (11)). The angular brackets denote averaging over one AR wave period. The terms involving . . . represent the ponderomotive force (Reynolds stress) of the AR waves that acts on the ions, which is transmitted to the electron and dust fluids via the space charge electric field E l x . The dust mass density is denoted by ρ d = m d n d0 , where m d is the dust mass.
Combining (10)- (13) and using the quasi-neutrality condition and the y-component of Ampère's law, we deduce the driven DA wave equation
where
is the ion mass density and |u| 2 = u 2 . The magnetic field of the AR wave is given by
which indicates that B h 1 = 0 when the AR waves are non-propagating. Equation (14) agrees with [11, Equation 43 ]. Equations (9), (14) and (15) are the desired set for studying the nonlinear coupling between the propagating AR and DA modes. They are useful for investigations of parametric instabilities (both decay and modulational interactions), as well as for studies of the formation of envelope AR solitons and the dynamics of nonlinearly coupled AR and DA modes.
Parametric instabilities
In order to investigate the parametric instabilities of a constant amplitude AR pump, we write
1/2 is the pump frequency, k 0 is the pump wavenumber and
The subscript ± denotes the upper/lower AR sideband. Fourier decomposing (9), (14) and (15), and following the standard procedure [13, 14] we readily obtain the nonlinear dispersion relation
where 
where we have used the dispersion relation of the AR pump mode. Letting Ω = KV DA +iγ and KV DA ∼ KV g −δ in (17), we obtain the growth rate for backscattering
which indicates that the growth rate is proportional to u 0 . There also exists a reactive instability in which case we have ΩӷKV DA , |KV g − δ|. Here, (17) gives
Solutions of (19) are
which exhibits a stronger growth rate than the three-wave decay interaction.
For the modulational instability we retain both D ± on an equal footing and obtain from (16)
Assuming Ω ≈ KV g + iγ with |γ|Ӷ|Ω|, |KV g |, we obtain from (21) the growth rate
which will have its maximum
at the wavenumber
We see from (22) that the modulational instability only occurs for V g < V DA . For V g ≈ V DA there is a transition between the modulational instability and the threewave decay, where the latter dominates when V g > V DA . We now apply our results to the interstellar medium [15] where a typical density of hydrogen molecules in the dense molecular clouds is 10 4 cm −3 and the strength of the ambient magnetic field is ∼ 30 µG. Taking n e0 ∼ n i0 ∼ 10
(for dust grains of radius ∼ 0.3 µm floating in a hydrogen plasma with an electron temperature of 100 K and having a surface potential of 25 mV),
. We then solve the dispersion relation (16) and display the real and imaginary parts of the frequency in Fig. 1 . In the upper panels, we have used a small wavenumber k 0 = 10 −18 cm −1 so that V g ≈ 3 × 10 −3 V DA while in the middle and lower panels, we use a larger wavenumber k 0 = 5.4 × 10 −15 cm −1 so that V g ≈ 15V DA . In the upper left panel, we see a modulational instability for small values of K with an almost purely growing wave where the real part of the frequency (right panel) is zero. This type of instability typically saturates nonlinearly to solitary envelope wavepackets (bright solitons), which we discuss further below. In the middle and lower panels, we see a threewave decay occurring on a wavenumber at K ≈ 1.1 × 10 −14 cm −1 , which is twice the wavenumber of the pump wave. This type of back-scatter instability gives rise to a slowly propagating DA waves with approximately half the wavelength of the large-amplitude AR wave. The case with a smaller amplitude of the AR wave (lower panel) gives a smaller growth rate and a narrower spectrum of nonlinear waves.
Modulated AR wave packets
In order to study the dynamics of a modulated wave packet, we suppose that the velocity amplitude varies slowly, namely u(x, t) = U (ξ, τ ) exp(ik 0 x − iω 0 t), where ∂U/∂τ Ӷω 0 U (ξ denotes a slow space scale). Hence, (9) and (14) can be written as the Karpman equations [14] i ∂ ∂τ and ∂
where N = n d1 /n d0 . Stationary envelope solutions of (25) and (26) can then be sought in the form of bright and dark solitons [13, 14, 16, 17] . In a moving frame η = ξ − V g τ , one can combine (24) and (25) into a cubic nonlinear Schrödinger equation (the canonical form of the nonlinear Schrödinger equation is, in fact, obtained from (27) by cancelling the last term (second term within parenthesis), via a linear phase shift):
The dust density perturbation is now given by
which is obtained by integrating (26) twice, assuming u = u ∞ = constant at infinity. It turns out that for V
DA one has the possibility of bright (respectively, dark or grey) AR envelope soliton solutions of (27) [13, 14, 16, 17] . These localized perturbations of the AR ion velocity envelope are accompanied by (and co-propagate with) a localized dust density rarefaction, as we explain in the following.
An exact localized solution of (27) can be sought in the form U = U 0 exp(iΘ), where the (real) functions U 0 (η, τ ) and Θ(η, τ ) are determined by separating the real and imaginary parts. This amounts to a total ion velocity U (x, t) = 2U 0 cos(k 0 x − ω 0 t + Θ), where the localized envelope amplitude U 0 and the (small) phase shift Θ are determined, case by case. The (co-propagating) density perturbation N is then readily given by (29). These bi-solitons, which represent the joint propagation of localized U and N excitations, may be of different types. Details on the derivation of the analytic form of U 0 and Θ can be found in [16, 17] , so only the final expressions need to be briefly summarized here.
For an AR pump group velocity V g smaller than V DA (namely Q > 0, α < 0), one has the bright ion envelope soliton
where v e and ω e denote the envelope's propagation velocity and oscillation frequency (at rest), respectively [15] . We note that the pulse width L and the maximum amplitudeû 0 satisfy Lû 0 = (2P/Q) 1/2 = constant. This envelope pulse is accompanied by a localized dust density variation in the form
We note that for V g < V DA , α < 0, so the dust density perturbation is negative (denoting a local density depletion).
For an AR pump group velocity V g higher than V DA (namely Q < 0, α > 0), one obtains dark (black or grey) ion envelope soliton solutions, by assuming a finite asymptotic value of U 0 at infinity. The black solitons have the form [16, 17] 
while the grey solitons are given by a more complex expression [16, 17] 
with
Here, Θ 0 is a constant phase, a (= ±1) denotes the product sign(p) × sign(v e − V 0 ) and V 0 is an independent real constant that satisfies (see the details in [15] ) V 0 − 2|P Q|û 2 0 v e V 0 + 2|P Q|û 2 0 . Again, the pulse width L = (2|P/Q|) 1/2 /(|d|û 0 ) is inversely proportional to the amplitudeû 0 and now also depends on an independent real parameter d, which regulates the modulation depth. It is given by
The grey localized excitation represents a localized region of negative ion velocity perturbation (a propagating void), with a finite (zero) amplitude at η = 0. For |d| = 1 (thus V 0 = v e ), one recovers the black envelope soliton, characterized by a vanishing field amplitude at η = 0. We note that in both (black/grey) cases, the localized dust density variation is given by
Here we recall that d = 1 in the black excitation case and that 1 − sech 2 x = tanh 2 x. We see that the result does not depend on the parameter d, so the latter expression is valid in both dark (black and grey) cases. We observe that the density variation will be negative in this case (as well as in the bright case above) as α > 0 for V g > V DA (and |u| < |u ∞ | here) and recall that α was defined in (28) above. Dark (either black or grey) ion envelope excitations will therefore be associated with a negative density variation, i.e. a co-propagating localized clump (hole) in an elsewhere constant density profile.
The observable characteristics of the modulated AR structures (envelope excitation width L) as well as those of the DA density perturbations (maximum depth N ) can be deduced from the above model. First, we recall that the group velocity V g will be below (above) the DA velocity V DA , and thus the unstable (respectively stable) modulated AR waves may possibly propagate as bright (dark, i.e. black/grey) type localized wave packets, for a wave number value lower (higher) than a critical value
For a given maximum value of the ion velocity u max = V 0 , the spatial extension (width) of the localized envelope
(where we have omitted a factor 1/d in the grey-soliton case), while the maximum dust density relative perturbation (depth) may be estimated as |N | = |δn d /n d,0 | = |α|V 2 0 , namely,
Considering the set of parameter values presented in Sec. 3, we obtain a critical wavenumber k cr ≈ 3.75 × 10 −16 cm −1 , which corresponds to a critical wavelength λ cr = 2π/k cr ≈ 1.67 × 10 16 cm ≈ 0.018 ly ≈ 0.005 pc (parsec). Now, taking k = 1.1k cr and V 0 = 0.3V AR , one obtains dark excitations with a width L ≈ 0.49 AU and a relative dust density perturbation N = 0.13 (i.e. ≈13% dust density depletion). Taking a lower value k = 0.9k cr and V 0 = 0.3V AR , one obtains bright excitations with a width L = 0.47 AU and N = 0.14. Finally, for a much lower k = 0.1k cr (i.e. for λ ≈ 0.18 ly) and V 0 = 0.6V AR , one obtains bright excitations with a width L = 0.54 AU and N ≈ 0.11.
Summary and conclusions
To summarize, we have considered the nonlinear coupling between finite-amplitude propagating AR modes and DA perturbations in a uniform magnetoplasma containing electrons, ions and negatively charged dust grains. The interaction is governed by a set of equations in which the ion fluid velocity and the compressional magnetic field perturbation of the propagating AR mode is coupled with the dust density perturbations of the DA modes. The coupled mode equations admit a nonlinear dispersion relation that exhibits both decay and modulational instabilities of a constant amplitude AR pump. Furthermore, we have noted that the modulated AR wavepackets can propagate in the form of bright and dark solitons depending on the speed of the localized AR pulses. The latter can have relevance to coherent Alfvénic structures in association with dust density clumps (holes and humps) in astrophysical environments (e.g. in dense molecular clouds [15, [18] [19] [20] ).
